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Abstract 
Recently, we solved a problem which we found in a list given at the international workshop 
on Broadcasting and Gossiping in Vancouver (July 1990). This problem asked for the minimum 
time required to gossip in multidimensional nontoroidal grids. However, we found later that 
this question, asked by Krumme, had already been solved ten years ago by Farley and 
Proskurowski (1980) in the case of two-dimensional grids. 
In their paper they did not mention anything about higher dimensions, although the result 
can be easily deduced as we explain in this paper. 
1. Introduction 
Broadcasting and gossiping are problems which have been studied for a long time. 
Let G be a network, in which some nodes know a message and are ignorant of the 
messages of the others at the start of the process. The messages are transmitted by 
calls involving the edges of G. Broadcasting is the problem of informing every node of 
the message of one particular node. Gossiping is the case when every node has 
a message which must be transmitted to everyone. 
Here we study gossiping in a model named “full-duplex pairwise” (FP) [2] where at 
each unit of time, each node may perform a mutual complete information exchange 
with at most one neighbor. We evaluate the minimum time T, requested to gossip in 
a family of networks, the k-dimensional grids. It is clear that, for any graph G, we have 
T,(G) 3 diameter(G), so equality gives the optimal result. 
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2. Main result 
2.1. DeJinition of grids 
We first define the Cartesian product of two graphs G1 = (V,, E,) and G2 = (V,, E,) 
having, respectively, orders n, and n2. This product, denoted by G1 q GZ, has as set of 
vertices V, x V2 and as set of edges the set {((iI,iz), (j,,j,))leither iI = j, and 
(iz,j,) eEZ or iz = j, and (i,,j,) EEL}. Note that for each fixed iI, 1 6 iI < nI, every 
subgraph on the set {iI} x V2 is isomorphic to G2. We call such a subgraph copy of G,. 
Let the two-dimensional grid G(n,, nz) be the Cartesian product of the two paths P,, 
and Pnz on, respectively, n1 and n2 vertices. For k > 3 let the k-dimensional grid 
G(nl,nz,..., nk) be defined recursively by the Cartesian product of G(nI, nz, . . , nk_ 1) 
and P,,. Remark that any permutation of the ni, 1 < i < k gives an isomorphic graph, 
and that 
diameter(G(n,, n2, . . . . nk)) = i (ni - 1). 
i=l 
The known results [l] are that the gossiping time in G(p, q) with (p, q) # (3,3) is the 
diameter p + q - 2, and in G(3,3) is the diameter plus one, i.e. 5. 
We extend this result by the following theorem. 
Theorem 2.1. 
T,(G(nl, n2, . . . , nk)) 
d diameter + 1 if every ni = 3, 
= diameter otherwise. 
We need two lemmas for the proof. The first result is well known but we need the 
scheme of the process for Lemma 2.3. 
Lemma 2.2. 
T,(P,) = 
k - 1 if k even, 
k 
if k odd. 
Proof. Let 1,2, . . . . k denote the vertices of Pk. 
k even. At the ith round, 1 < i 6 k - 1, calls involve the pairs (i, i + 1) and 
(k - i, k - i + 1). 
k odd. At rounds 1 and k, there is one single call involving the pair (1,2) and Vi, 
2~i~k-l,atroundicallsinvolvethepairs(i,i+l)and(k-i+l,k-i+2)(the 
same pair when i = (k + 1)/2). C! 
Remark that in this process the first pair obtaining the entire information is 
(Sk, $(k + 1)) at round ik if k is even and ($(k + l), $k + 1) + 1) at round f(k + 1) if k is odd. 
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Lemma 2.3. T,(GoP,) < T,(G) + k - 1. 
Proof, As noticed earlier, GOP, contains the disjoint union of k copies of G that we 
will denote Gi, with k - 1 perfect matchings between corresponding vertices of Gi and 
Gi+l, l<i<k. 
k even. For t = 1 to t = T,(G) every copy of G gossips, so at time T,(G) each node of 
the copy Gi, 1 < i < k, knows the entire information of Gi. We name this first part of 
the process “vertical gossiping”. 
The process described in Lemma 2.2 completes the gossiping with k - 1 more units 
of time (“horizontal gossiping”). 
Example. G = p3, k = 4. 
In Fig. 1, the bold lines represent calls. This example shows that the process is not 
necessarily optimal. Actually, the second case will prove that T,(P,oP,) 
= T,(G(3,4)) = 5. 
k odd. For t = 1 to t = Tg(G) - 1 every copy of G gossips with the same process. So 
at time T,(G) - 1 each copy Gi, 1 < i < k, is in a status denoted rl where some nodes 
may know the entire information of Gi and the others know it partially. The parallel 
vertical gossiping allows the following important property: if, for instance, G1 and G2 
later exchange their states of knowledge r; and r; by horizontal gossiping, it suffices 
now for G1 to perform the last round of its vertical gossiping in order that each node 
knows the entire information of G1 and G1. We say then that G1 is in status r’, r;. 
In the second part we use the process described in Lemma 2.2 slightly modified 
three times. 
- At round T,(G), G1 and G2 exchange informations by using the perfect matching 
while G3, . . . , Gk perform the last step of their own gossiping. 
- At time T,(G) - 1 + (k - 1)/2 the copy G(,_,,,, is in the status 
r; r; r; ...rCk+1),2. This copy at round T,(G) + (k - 1)/2 makes the last step of its 
vertical gossiping and reaches the status r1 . . . rtk+ 1J,2. Meanwhile, copies GCk + 1JiZ 
and Gck + 3)12 exchange their informations, pursuing the horizontal gossiping. 
- At round T,(G) + k - 1 every copy Gi, (k + 1)/2 d i d k makes the last step of its 
vertical gossiping in order to obtain the entire information concerning G1 and G2. 
Vertical gossiping -. Horizont.al gossiping _. 
GI G? GB Gs 
t=1 t=2 t=3 t=4 t=5 t=6 
Fig. 1 
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Vertical gossiping 
EEl EEE 
Horizontal gossiping 
t=3 t=4 t=5 t=6 t=7 
Fig. 2. 
Observe that the copies Gi for 1 < i d (k +1)/2, obtain this information from 
G,,_ 1j,2 by horizontal gossiping. 0 
Example. G = P3, k = 5 
In Fig. 2, the bold lines represent calls. If the anologous picture is made for G = P4 
and k = 3, it shows the promised result T,(P,oPJ = T,(G(3,4)) = 5. 
The theorem follows now obviously by induction on the dimension, from the results 
in dimension 2, with the help of Lemma 2.3. 
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